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Abstract. In this paper we give general definitions of non-commutative jets 
in the local and global situation using square zero extensions and derivations. 
We study the functors Exan fc (A, /) where A is any fc-algebra and / is any 
left and right A-module and use this to relate affine non-commutative jets to 
liftings of modules. We also study the Kodaira-Spencer class KS(£) and relate 
it to the Atiyah class. 
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1. Introduction 

In this paper we give general definitions of non-commutative jets in the local 
and global situation using square zero extensions and derivations. We study the 
functors Exan,t(yl, /) where A is any fc-algebra and / is any left and right A- module 
and use this to relate affine non-commutative jets to liftings of modules. In the final 
section of the paper we define and prove basic properties of the Kodaira-Spencer 
class KS(£) and relate it to the Atiyah class. 

2. Jets, liftings and small extensions 

We give an elementary discussion of structural properties of square zero exten- 
sions of arbitrary associative unital fc-algebras. We introduce for any fc-algebra 
A and any left and right A- module / the set Exan/c(A, /) of isomorphism classes 
of square zero extensions of A by / and show it is a left and right module over 
the center C(A) of A. This structure generalize the structure as left C(A)-module 
introduced in [3]. We also give an explicit construction of Exanfe(A, /) in terms 
of cocycles. Finally we give a direct construction of non-commutative jets and 
generalized Atiyah sequences using derivations and square zero extensions. 

Let in the following k be a fixed base field and let 

^ / -> B -)• A^>0 
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be an exact sequence of associative unital fc-algebras with i(I) 2 = 0. Let i : I — > 
B and p : B — > A denote the morphisms. Assume s is a map of k- vector spaces 
with the following properties: 

S (l) = l 

and 

p o s = id . 

Such a section always exist since B and A are vector spaces over the field k. Note: 
s gives the ideal / a left and right ^-action. 

Lemma 2.1. There is an isomorphism 

B = I®A 

of k-vector spaces. 

Proof. Define the following maps of vector spaces: <p : B — > / © A by <fi(x) — 
{x — sp{x),p{x)) and ip : I @ A — > B by ip(u,x) — u + s(x). It follows ip o <j) = id 
and <j) o ip = id and the claim of the Proposition follows. □ 

Define the following element: 

C : A x A ->• I 

C(x x y) = s{x)s{y) - s(xy). 
It follows that C = if and only if s is a ring homomorphism. 

Lemma 2.2. TTie map C gives rise to an element C € Honifc(^4 Cgi^ A, I). 

Proof. We easily see that C(x + y, z) = C(a;, z) + C*(y, x) and y + z) = C(x,y) + 
C(x, z) for all x,y,z <E ^4. Moreover for any a G k it follows 

C(ax,y) = C(x,ay) = aC(x,y). 

Hence we get a well defined element C £ Homfc(^4 <3k A, I) as claimed. □ 

Define the following product on / © A: 

(2.2.1) (u, x) x (v, y) =(uy + xv + C(x, y),xy). 

We let I ffi c A denote the abelian group I © A with product defined bv l2.2.1l 

Proposition 2.3. The natural isomorphism 

B = I®A 

of vector spaces is a unital ring isomorphism if and only if the following holds: 
xC{y, z) - C(xy, z) + C{x, yz) - C(x, y)z = 

for all x,y, z G A. 

Proof. We have defined two isomorphisms of vector spaces 0, ip: 

<p(x) = (x - sp(x),p(x)) 

and 

ip(u, x) = u + s(x). 
We define a product on the direct sum I @ A using <j> and ip: 

(u, x) x (v, y) = (p(ip(u, x)ip(v, y)) = cp{{u + s(x))(v + s(y))) = 
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4>(uv + us(y) + s(x)v + s(x)s(y)) = 
(us(y) + s(x)v + s(x)s(y) - s(xy), xy) = (uy + xv + C(x, y), xy). 
Here we define 

uy = us(y) 

and 

xv = s(x)v. 

One checks that 

0(l) = (l-«p(l),l) = (O,l) = l 

and 

l(u,x) = (u,x)l = (u,x) 

for all (u,x) £ I © A. It follows the morphism cj> is unital. Since C(x + y,z) — 
C(x, z) + C(y, z) and C(x, y + z) = C(x, y) + C(x, z) the following holds: 

(u, x)((v, y) + (w, z)) = (u, x)(v, y) + (u, x)(w, z) 

and 

((v, y) + (w, z))(u, x) = (v, y)(u, x) + (w, z)(u, x). 
Hence the multiplication is distributive over addition. Hence for an arbitrary 
section s of p of vector spaces mapping the identity to the identity it follows the 
multiplication defined above always has a left and right unit and is distributive. 
We check when the multiplication is associative. 

((u, x)(v, y))(w, z) — (uyz + xvz + xyw + G(x, y)z + C(xy, z),xyz). 

Also 

[u, x)((v, y)(w, z)) = {uyz + xvz + xyw + xC(y, z) + C(x, yz),xyz). 

It follows the multiplication is associative if and only if the following equation holds 
for the element C: 

xC(y, z) - C(xy, z) + C(x, yz) - C(x, y)z = 
for all x,y,z £ A. The claim follows. □ 
Let 

(2.3.1) xC(y, z) - C(xy, z) + C(x, yz) - C(x, y)z = 0. 

be the cocycle condition. 

Definition 2.4. Let exanfe(A, /) be the set of elements C £ Homk(A 0^ A, I) 
satisfying the cocycle condition 12.3.11 

Proposition 2.5. Equation \2.3.1\ holds for all x,y, z G A: 
Proof. We get: 

xC(y, z) = s(x)s(y)s(z) - s(x)s(yz). 
C(xy, z) — s(xy)s(z) — s(xyz). 
C(x, yz) = s(x)s(yz) - s(xyz), 

and 

C(x, y)z = s(x)s(y)s(z) - s(xy)s(z). 

We get 

xC(y, z) - C(xy, z) + C(x, yz) - C(x, y)z = s(x)s(y)s(z) - s(x)s(yz)- 
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s(xy)s(z) + s(xyz) + s{x)s{yz) — s(xyz) — s{x)s{y)s{z) + s{xy)s(z) = 
and the claim follows. □ 

Corollary 2.6. The morphism <f> : B I (B c A is an isomorphism of united 
associative k-algebras. 

Proof. This follows from Proposition ^. 5l and Proposition 12. 31 □ 
Hence there is always a commutative diagram of exact sequences 

9- I >- B >■ A s-o 

I i- I(S C A »- A 

where the middle vertical morphism is an isomorphism associative unital fc-algebras. 
Define the following left and right A-action on the ideal /: 

xu = s(x)u,ux — us(x) 

where s is the section of p and x € A, u G /. Recall I 2 = 0. 

Proposition 2.7. The actions defined above give the ideal I a left and right A- 
module structure. The structure is independent of choice of section s. 

Proof. One checks that for any and u,v 6 / the following holds: 

(x + y)u = xu + yu, x(u + v) — xu + xv, lu = 1. 

Also 

{xy)u — x(yu) — s(xy)u ~ s(x)s(y)u = (s(xy) — s(x)s(y))u = 

since I 2 = 0. It follows (xy)u = x(yu) hence / is a left A-module. A similar 
argument prove / is a right A-module. Assume t is another section of p. It follows 

s(x)u — t(x)u = (s(x) — t{x))u = 

since I 2 = 0. It follows s(x)u = t(x)u. Similarly us(x) = ut(x) hence s and t 
induce the same structure of A-module on / and the Proposition is proved. □ 

We have proved the following Theorem: Let A be any associative unital fc-algebra 
and let / be a left and right A-module. Let C : A®k A — >• / be a morphism satisfying 
the cocycle condition 12.3. II 

Theorem 2.8. The exact sequence 

0^I^I® c A^A^0 

is a square zero extension of A with the module I . Moreover any square zero 
extension of A with I arise this way for some morphism C € Hom/ c (A <8>/c A, I) 
satisfying Eauation \2. 3.11 

Proof. The proof follows from the discussion above. □ 
Let 

0^ / ->• E -> A^Q 
with i : I E and p : E — > A and 
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with j : J — > F and q : F — > B be square zero extensions of associative fc-algebras 
A, B with left and right modules /, J. This means the sequences are exact and the 
following holds: i(I) 2 — j(J) 2 = 0. A triple (w,u,v) of maps of fc-vector spaces 
giving rise to a commutative diagram of exact sequences 

> I — E — —>■ A »0 

W U V 

» J — ^ F — q -^ B 

is a morphism of extensions if u and v are maps of fc-algebras and w is a map of 
left and right modules. This means 

w{x + y) = w(x) + w(y), w(ax) = v(a)w(x), w{xa) = w(x)v(a) 

for all x,y £ I and a £ A. 

We say two square zero extensions 

^ I -> E ^ A^O 

and 

are equivalent if there is an isomorphism (f> : E — » F of fc-algebras making all 
diagrams commute. 

Definition 2.9. Let Exanfc(A, I) denote the set of all isomorphism classes of square 
zero extensions of A by I. 

Theorem 2.10. Let C{A) be the center of A. The set exa.nk(A, I) is a left and 
right module over C (A) . Moreover there is a bijection 

Exanfc (A, I) = exan^ (A, I) 

of sets. 

Proof. We first prove exanfc(^4,7) is a left and right C(^4)-module. Let C,D £ 
ex&iik(A, I). This means C,D £ Homk(A ®k A, I) are elements satisfying the 
cocycle condition l2.3.1l let a, b £ C(A) C A be elements. Define aC, Ca as follows: 

(aC)(x,y) = aC(x,y) 

and 

(Ca)(x,y) = C(x,y)a. 

We see 

x(aC)(y, x) — {aC){xy, z) + (aC){x, yz) — {aC){x, y)z = 
a(xC(y, z) — C{xy, z) + C(x, yz) — C(x, y)z) = a(0) = 
hence aC £ cxaiik(A, I). Similarly one proves Ca £ exan^( J 4, /) hence we have 
defined a left and right action of C(A) on the set exanfc(A, I). Given C,D £ 
exanfe (A, I) define 

(C + D)(x,y)=C(x,y)+D(x,y). 
One checks that C + D £ exan/j(A, 1) hence exanfc(A, /) has an addition operation. 
One checks the following hold: 



a(C + D)=aC + aD, (C + D)a = Ca + Da, 
{a + b)C = aC + bC, C(a + b) = Ca + Cb, 
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a(bC) = (ab)C, C{ab) = (Ca)b 7 1C = CI = C, 

hence the set exanfc(A, 7) is a left and right C (A) -module. Define the following 
map: Let [B] = [I © c A] G Exan^^, 7) be an equivalence class of a square zero 
extension. Define 

<j> : Exanfc(^4,i) — > exank(A, I) 

by 

4>[B\ = <f>[I ffi c A] = C. 

We prove this gives a well defined map of sets: Assume [7 © A] and [7 (B D A] 
are two elements in Exam. (A, 7). Note: We use brackets to denote isomorphism 
classes of extensions. The two extensions are equivalent if and only if there is an 
isomorphism 

/ : 7 ffi c A -> 7 ® D A 
of A;-algebras such that all diagrams are commutative. This means 

f(u,x) = (u,x) 

for all (it, x) G 7 ffi c A. We get 

f((u,x)(v,y)) = f(u,x)f(v,y). 

This gives the equality 

(uy + xv + C(x, y), xy) = (uy + xv + D(x, y), xy) 

for all (it, x), (v, y) G 7 ffi c A. Hence </>[7 ffi c A] = C* = D = <f>[I ® D A] and the map 
<fi is well defined. It is clearly an injective map. It is surjective by Theorem l2.8l and 
the claim of the Theorem follows. □ 

Theorem 12.101 shows there is a structure of left and right C(^4)-module on the set 
of equivalence classes of extensions Exanfe(^4, 7). The structure as left C(^4)-modulc 
agrees with the one defined in J3J. 

Let 4> G Homfc(A, 7). Let G Hom fe (,4 © fe A, I) be defined by 

C^(x, y) = x<j)(y) - <j>(xy) + <j>(x)y. 
One checks that C* G exarik(A, I) for all <f> G Honifc(/l, 7). 

Definition 2.11. Let exan™ n (^4,7) be the subset of exanfc(A,7) of maps for 
G Hom fe (^,7). 

Lemma 2.12. The set ex&n 1 ™ (A, I) C exanfc(^4,7) is a left and right sub C(A)- 
module. 

Proof. The proof is left to the reader as an exercise. □ 

Definition 2.13. Let Exan J fe ""(A,7) C Exan fe (A,7) be the image of exan^ m (A, 7) 
under the bijection exanfc(^l,7) = Exan/ £ (yl, 7). 

It follows Exan" n (A,7) C Exan fc (A, 7) is a left and right sub C(A)-module. 
Recall the definition of the Hochschild complex: 

Definition 2.14. Let A be an associative k- algebra and let 7 be a left and right 
A-module. Let C P (A,I) = Hom fc (A® p ,7). Let d p : C P (A 7 I) -> C P+1 (A,I) be 
defined as follows: 

d p (4>)(ai © • ■ • © Op+i) = ai0(a 2 © ■ • ■ © a p+1 )+ 
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l<i<p 

Wc let HEP (A, 7) denote the i'th cohomology of this complex. It is the i 'th Hochschild 
cohomology of A with values in 7. 

Proposition 2.15. There is an exact sequence 

-> Exa4 n "(v4, 7) -> Exan fc (A, 7) -> HH 2 (A, 7) -> 

of left and right C (A) -modules. 

Proof. The proof is left to the reader as an exercise. □ 

Example 2.16. Characteristic classes of L- connections. 

Let A be a commutative fc-algebra and let a : L — > Deik(A) be a Lie-Rinehart 
algebra. Let W be a left A-module with an L-connection V : 7 — » Endfc(VP). In [6] 
we define a characteristic class c\{E) £ H (7|j/,C(7) when VP is of finite presenta- 
tion, U C Spec(A) is the open set where W is locally free and H 2 (7|[/, O^) is the 
Lie-Rinehart cohomology of L\u with values in Ojj. If L is locally free it follows 
H 2 (7, A) = Ext^^A, A) where ?7(L) is the generalized universal enveloping alge- 
bra of L. There is an obvious structure of left and right ?7(7)-module on Endfe(A) 
and an isomorphism 

HH 2 ([/(7),End fe (A)) <* Ext 2 u{L) (A,A) 
of abelian groups. The exact sequence 12. 151 gives a sequence 

-> Exa4""(C/(7),End fc (A)) -> Exan fe (J7(7), End fc (A)) -> 
Ebc& (i) (A,A)-K) 
with A = f/(7) and 7 = Endfc(A). If we can construct a lifting 

Ci(W) £ Exan fc (C/(7),End fc (A)) 

of the class 

d{W) G Exi& (i) (A,A) = HH 2 ((7(7),End fc (A)) 
we get a generalization of the characteristic class from [5] to arbitrary Lie-Rinehart 
algebras L. This problem will be studied in a future paper on the subject (see [7])- 

Example 2.17. N on- commutative Kodaira- Spencer maps 

Let A be an associative fc-algebra and let M be a left A- module. Let 7) 1 ( J 4) C 
Endfc(A) be the module of first order differential operators on A. It is defined as 
follows: An element d £ End fc (A) is in D 1 (A) if and only if [d,a] £ D°(A) = A C 
Endfc(A) for all a G A. Define the following map: 

/ : D\A) -> Hom fc (A,End fc (M)) 

by 

f(d)(a, m) = [d, a]m = (9(a) — ad(l))m. 
Here 9 G 7? 1 (A),a G A and m £ M. Since [d, a] £ A we get a well defined map. 
Let for any a £ A and m £ M <f> a (m) = am. It follows 4> a £ Endfe(A7) is an 
endomorphism of M. We get 

f(d)(ab,m) = (d(ab) - abd(l))m = (90 Qb - <p ab d)(l)m = 

(d<fiab - <p a d<f>b + 4>ad<^b ~ (f) a bd)(l)m = 
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(d(j)a - 4> a d)cj)b{l)m + <j) a {d(f)b - 4>bd)(l)m = 
f(d)(a,bm) + af(d)(b,m). 

Hence 

f(d)(ab) = af(d)(b) + f(d)(a)b 
for all d € D 1 (A) and a, b £ A. The Hochschild complex gives a map 

d 1 : Hom fe (>l,Endfc(M)) -)• Hom fe (^ <g> A,End k (M)) 

and 

fcer^ 1 ) = Derfc(A,End fc (M)). 

It follows we get a map 

f:D\A) ^Dev k (A,End k (M)). 

We get an induced map 

/ : D 1 {A) -> HH 1 (A,End fe (M)) = Ext^(M,M). 
Lemma 2.18. The following holds: f(D°(A)) = f(A) = 

Proof. The proof is left to the reader as an exercise. □ 

One checks that D 1 (A)/D°(A) = D 1 (A)/A = Der k (A). It follows we get an 
induced map 

g : Der k {A) = D 1 (A)/D a (A) -> Ext\(M,M) 
the non- commutative Kodaira- Spencer map. 

Lemma 2.19. Assume A is commutative. The following holds: 

(2.19.1) Ym = ker(g) C T)evk(A) is a Lie-Rinehart algebra. 

(2.19.2) g(S) = 3<p e End fc (M), <p(am) = cuj>(m) + 5(a)m. 

(2.19.3) 3V e Hom fe (V A f, End fe (M)) with V(5)(am) = aV(5)(m) + 5{a)m. 

(2.19.4) Ym is the maximal Lie-Rinehart algebra satis fvina \2. 19.3[ 

Proof. We first prove |2~"19. II Assume g(S) — g(rf) — 0. By definition this is if and 
only if there are maps cf>, if) G Endfc(M) such that the following holds: 

(2.19.5) d°cf> = g{6) 

(2.19.6) dV = g(v)- 

One checks that condition 12.19.51 and 12.19.61 hold if and only if the following hold: 

4>(am) — a<f>(rn) + S(a)m 

and 

ip{am) = aip(m) + rj(a)m. 
We claim : d°[5,r}] — g([8, r/]): We get 

[(f), ip]{am) = (f>ip(am) — ip4>(am) — 
cf){aij){rri) + r](a)m) — tp(a<p(m) + 5{a)m) = 
a<jnj)(m) + 8{a)if)(m) + r)(a)<fi(m) + 5rj{a)m— 
aif)(f){rn) — rj{a)<f){m) — 8(a)if)(m) — T)5(a)m = 
a[(f>, ip](m) + [S, n](a)m. 
Hence g([S,n]) = and Ym Q Der/-(A) is a k-Lie algebra. It is an A- module since g 
is A-linear, hence it is a Lie-Rinehart algebra. Claim |2~19. H is proved. Claim |2~19. 21 
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is proved. □ 

The Lie-Rinehart algebra Vm is the linear Lie-Rinehart algebra of M. 
Let in the following E be a left and right A-module. 

Definition 2.20. Let 

J}{E) =I® A E®E 
be the first order I -jet bundle of E. 

Pick a derivation d £ T)erk(A,I) of left and right modules. This means 

d(xy) = xd{y) + d(x)y 
for all x, y 6 A. Let B c = I® c A and dehne the following left J3 c -action on J}{E): 

(u, at) (to ® e, /) = (u <g> / + xw ® e + d{x) ® /, xf) 
for any elements (u, a;) € -B and (to (g> e, /) 6 J}(E\ 

Proposition 2.21. 77ie abelian group jj[E) is a left B c -module if and only if 
C(y, x) ® / = /or aZZ y,x E A and f E E. 

Proof. One easily checks that for any a, 6 G B c and Z,j £ >Jj(E) the following 
hold: 

(a + b)i = ai + bi 
a{i + j) = ai + aj. 

Moreover 

li = i. 

It remains to check that a(bi) = (ab)i. Let a = (v,y) <E B c and b = (u,x) € -B c . 
Let also i = (to <g> e, /) e J}{E). We get 

a(6i) = (u, y)((u, x)(w ® e, /)) = (vie ® f + yu® f + yxw ® e + d(ya;) ® /, ya;/)- 

We also get 

(a6)i = (wx ® f + yu ® f + yxw (g> e + d(t/a;) <S> f + C(y, x) ® f, yxf). 
It follows that 

(a&)« — a(6i) = 

if and only if 

C(y,x)<8>/ = 0, 

and the claim of the Proposition follows. □ 

Note the abelian group J}{E) is always a left A-module and there is an exact 
sequence of left A-modules 

-> I ® E -> ,7/(J5) -> J5 -> 

defining a characteristic class 

c z (£) e Ext^(£7,£®7). 

The class ci(E) has the property that ci(E) = if and only if has an /-connection: 

V :E-> I®E 

with 

V(xe) = xV(e) + d(a;) e. 
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Let J C I C B c be the smallest two sided ideal containing 7m(C) where C : 
A ® k A -> I is the cocycle defining i? c . Let D 6 " = B c / J and 7 C = 7/ J. We get a 
square zero extension 

of A by the square zero ideal I c . It follows D c — I c A as abelian group. Since 
C(a;, y) = in 7 C it follows D c has a well defined associative multiplication defined 

by 

(u,x)(v,y) = (uy + xv,xy). 

Also D is the largest quotient of B c such that the ring homomorphism B c D c 
fits into a commutative diagram of square zero extensions 

> I *- B c A ~- 

w 

>- I c >■ D c " A >■ 0. 

Definition 2.22. Let 

J\ a {E) = I C ®E®E 
be the first order I -jet bundle of E. 

Example 2.23. First order commutative jets. 

Let k — > A be a commutative fc-algebra and let I C A <®k A be the ideal of the 
diagonal. Let j\ = A ® A/ 1 2 and = I /I 2 . We get an exact sequence of left 
A-modules 

(2.23.1) -)• ->• J\ ->• A ->■ 0. 

It follows = © A with the following product: 

(w, a)(ry, 6) = (wo + brj, ab) 

hence the sequence 12.23. ll splits. Let J\{E) — £l\®E®E be the first order fi^-jet 
of E. We get an exact sequence of left A-modules 

-> <g> J5 -> Ji(-B) -> £ -> 0. 

Since the sequence 12.23.11 splits it follows J\(E) is a lifting of to the first order 
jetjj. 

3. Atiyah classes and Kodaira-Spencer classes 

In this section we define and prove some properties of Atiyah classes and Kodaira- 
Spencer classes. 

Let X be any scheme defined over an arbitrary basefield F and let Pic(A) be 
the Picard group of X. Let O* C Ox be the following subsheaf of abelian groups: 
For any open set U C X the group 0(U)* is the multiplicative group of units in 
Ox(U). Define for any open set U C X the following morphism: 

dlog : 0{U)* -> n^({7) 

defined by 

dlog(x) = d(x)/x, 
where d is the universal derivation and x £ 0(U)*. 
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Lemma 3.1. The following hold: 

dlog(xy) = dlog(a;) + dlog(y) 

forx,yeO(U)* 

Proof. The proof is left to the reader as an exercise. □ 

Hence dlog : O* — > Sl x defines a map of sheaves of abelian groups. The map 
dlog induce a map on cohomology 

dlog : Pic(X) = H 1 ^, O*) -> B 1 (X,n x ) 

and by definition 

d(C) = dlog(£) GH 1 ^,^). 

Let X C tt x be any sub O^-module and let T = fix/I be the quotient sheaf. 
We get a derivation 

d : Ox -> T 

by composing with the universal derivation. We get a canonical map 
and we let 

be the image of ci(£) under this map. 

Definition 3.2. The class c\(C) G H 1 (X, fl x ) is the first Chern class of the line 
bundle C € Pic(X). The class ci(£) g H 1 (X, F) is the generalized first Chern class 
of C. 

Let £ be any Ox -module and consider the following sequence of sheaves of 
abelian groups: 

-> J" ® £ -> -> £ 

where 

as sheaf of abelian groups. Let s be a local section of Ox and let (x <S> e, /) be a 
local section of Jj={£) over some open set [/. Make the following definition: 

s(x <8> e, /) = (sx ® e + ® /, s/). 

It follows the sequence 

-> J" <g> £ -> ) -> £ -> 

is a short exact sequence of sheaves of abelian groups. It is called the Atiyah-Karoubi 
sequence. 

Definition 3.3. An ^-connection V is a map 

V : £ -> F® £ 

of sheaves of abelian groups with 

V(se) = sV(e) + d(s) ® e. 

Proposition 3.4. The Atiyah-Karoubi sequence is an exact sequence of left Ox- 
modules. It is left split by an T -connection. 
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Proof. We first show it is an exact sequence of left Ox-modules. The Ox-module 
structure is twisted by the derivation d, hence we must verify that this gives a well 
defined left Ox-structure on J^(£). Let w = (i®e,/) bea local section of J^{£) 
and let s,t be local sections of Ox- We get the following calculation: 

(st)uj = (st)(x <8> e, /) = ((st)x O e + d(st) <g> /, (st)f) = 
{stx ® e + sdt <g> f + (ds)t <g> /, si/) = (s(ia; <g> e + di (g> f) + ds <g> if, s(i/)) = 
s(ta; (g>e + dt(g> f, tf) = s(t(x <g> e, /)) = s(tu>). 
It follows Jjr{£) is a left Ox-module and the sequence is left exact. Assume 

s : £ ->■ J>(£) = J"®£® £ 

is a left splitting. It follows s(e) = (V(e), e) for e a local section of £ . It follows V 
is a generalized connection and the Theorem is proved. □ 

Note: If X = we get Jj={£) = Jx{£) 1S t ne nrs t order jet bundle of £ and the 
exact sequence above specialize to the well known Atiyah sequence: 

-> ft x ® £ -> J x {£) -> £ -> 0. 

The Atiyah sequence is left split by a connection 

V : £ -> O x <8> £. 

The Ox-module J^{£) is the generalized first order jet bundle of £. 

Definition 3.5. The characteristic class 

AT(£) e Ext^ x (£, F®£) 

is called the Atiyah class of £. 

The class AT(£) is defined for an arbitrary Ox-module £ and an arbitrary sub 
module I C fl x . 

Assume £ = C 6 Pic(A) is a line bundle on A. We get isomorphisms 
Ext Cx (£, £ ® J") = Ext^ x (Ox, £* ® £ ® J 7 ) = 
Ext 1 0x (O x ,F)^U 1 (X,T). 

We get a morphism 

: Ext^ x (£, C® F) H^A, J"). 
Proposition 3.6. TTie following hold: 

0(AT(£)) = c 1 (£). 

Hence the Atiyah class calculates the generalized first Chern class of a line bundle. 

Proof. Let 1=0. It is well known that AT(£) calculates the first Chern class 
ci(C). From this the claim of the Proposition follows. □ 

Let Tx be the tangent sheaf of A. It has the property that for any open affinc 
set U — Spec(A) C A the local sections Tx(U) equals the module Der^(A) of 
derivations of A. Let Ys C Tx be the subsheaf of local sections d of Tx with 
the following property: The section d G Tx{U) lifts to a local section V(9) of 
Endir(£|j/) with the following property: 

V(d) : £\u ^ £\u 
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satisfies 

V(0)(se) = sV(d)(e) + d(s)e. 

It follows Vg C Tx is a sheaf of Lie-Rinehart algebras - the Kodaira- Spencer sheaf 
off. 

Define for any local sections a, b of Ox,d of Vg and e of £ the following: 
L(a,0)(e) = aV(9)(e) - V(a3)(e). 
Lemma 3.7. It follows L(a,d) 6 Endo^ (£|c/) . 
Proof. The following hold: 

L(a,d)(be) = aV(o>)(fee) - V(a<9)(6e) - 
a(6V(<9)(e) + 0(6)e) - 6V(a<9)(e) - a<9(6)e = 
a&V(0)(e) + a<9(6)e - bV(ad)(e) - ad(b)e = 
6(aV(0)(e) - V(a0)(e)) - 6(aV(0) - V(ad))(e) = 
6L(a,0)(e) 

and the Lemma is proved. □ 
Lemma 3.8. The following formula hold: 

L(ab,d) = aL(b,d) + L(a,bd) 
for all local sections a, b and d. 
Proof. We get 

L(ab, d) = abV(d) - V(abd) = 
abW(d) - aV(bd) + aV(bd) - W(abd) = 
a(bV(d) - V(bd)) + (oV - Va)(bd) = 
aL(b,d) + L(a,bd), 

and the Lemma is proved. □ 

Let LR(Vg) = Endo x (£) © Vg be the linear Lie-Rinehart algebra of £. Let 
LR(Vg) have the following left Ox-module structure: 

a((f>, d) = {axf> + L(a, d), ad). 

Here a, and d are local sections of Ox, Endo x (£) and Vg. We twist the trivial 
Ox structure on Ende> x (£) © Vg with the element L. We get a sequence of sheaves 
of abelian groups 

-> End 0x (£) -V LR(Vg) Vg -> 
where i and p are the canonical maps. An Ox-hnear map 

V : Vg -> End F (£) 

satisfying 

V(0)(ae) = aV(<9)(e) +d(a)e 

is a Vg -connection on £. 

Proposition 3.9. TTie sequence defined above is an exact sequence of left Ox- 
modules. It is left split by a V g- connection V. 
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Proof. We need to check that LR(V^) has a well defined left C^-module structure. 
By definition 

a((j>, d) — (a<f) + L(a, d), ad). 

We get 

(ab)x = {ab){4>, d) = {{ab)4> + L(ab, d), (ab)d) = 

{ab<f> + aL(b, d) + L(a, bd), abd) = 

a(b<f) + L(b, d), bd) = a(b((f>, d)) = a{bx) 

and it follows the sequence is a left exact sequence of (Dx-modulcs. If 

s : Y £ -> End 0x {£) © Y £ = LR(V £ ) 

is a section it follows s(e) — (V(e),e). One checks that V is a Vg-connection, and 
the Theorem is proved. □ 

Definition 3.10. We get a characteristic class 

KS(£) € Ext^ x (V £ ,End 0x (£)) 
the Kodaira- Spencer class of £ . 

Assume V5 is locally free and £ = C £ Pic(A) is a line bundle on X. Assume 
also V £ = F = fl x /I for some submodule 1. We get the following calculation: 

Ext^ x (V £ ,End 0x (£)) ^Extk x (0 x ,End Ox (£)®V£) - 
Ext^ x {Ox , End 0x (£) ® F) -> H 1 (A, F) . 

We get a map 

V : Ext^ (y e , End 0x (£) ) -»• H 1 (X, F) 

of sheaves. 

Proposition 3.11. The following hold: There is an equality 

V>(KS(£)) = C!(£) 

in H 1 (A, F). Hence the Kodaira- Spencer class calculates the class c\(C). 

Proof. The proof is left to the reader as an exercise. □ 

We get the following diagram expressing the relationship between the character- 
istic classes defined above: 

Ext^ x (V £ ,End 0x (/:)) 




H 1 (X, F) — Pic(A) 




Ext^ x (£, F ® C) 

The following equation holds in H 1 (A, F) : 

<A(AT(£))=V(KS(£)) = c 1 (£). 
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